The harmonic number H k = k j=1 1/j(k = 1, 2, 3 · · ·) play an important role in mathematics. Let p > 3 be a prime. In this paper, we establish a number of congruences with the form
Introduction
For α ∈ N, the generalized harmonic numbers are defined by In 1862, Wolstenholme [11] proved that if p > 3 is a prime, then H p−1 ≡ 0 (mod p 2 ) and H (2) p−1 ≡ 0 (mod p).
(1.1)
There are many results in related to the Wolstenholme theorem(see, e.g., [1] , [2] , [3] , [8] , [9] , [10] ).
Recently Z.-W. Sun [8] gave
and (−1) In this paper, we investigate the properties of and establish a series of modulus p 2 congruences involving harmonic numbers, some of which are generalizations of partial results in [8] . For example, we establish the congruences:
(mod p 2 ) and
where B 0 , B 1 , B 2 , · · · , are Bernoulli numbers given by
Lemmas
In this paper, we set
In this section, we first state some basic facts which will be used very often. For any prime p and integer n, provided p − 1 ∤ n, it is well-known that
which implies
Lemma 2.1 Let m, p be positive integers. Then
Proof. For m, p ∈ N, we have
It is well-known that
(cf. [6, pp. 230-238] .) Thus
Using (2.2) again, we finally obtain (2.1). (n + 2)
In view of (2.5) and (2.6), we finally get
The proof of (2.3) is completed.
Lemma 2.3 Let p be a prime and 0 < m < p − 1 be an even integer. Then
Proof. Observe that
with the help of Fermat's little theorem. In view of (2.2), we obtain
It is well-known that for each t ∈ Z, we have
(2.8) (see, e.g., [6, p.235] .) Thus, we arrive at
Main results
Theorem 3.1 Let p > 3 be a prime and 0 < m < p − 1 be a integer. Then
Proof. In view of (2.1), we have
The proof of the theorem is completed.
Theorem 3.2 Let p > 3 be a prime and 0 < m < p − 1 be a integer. Then
Proof. When m ∈ {1, 2, · · · , p − 1}, we have
. In view of (2.1), we have Note that
In view of (3.1), we have When m > 0 is an odd integer and m = 3 , we have
Combining (2.3), (3.5) and (3.6), we obtain Therefore,
where
We are done. Noticing S(4) = 7/90 and taking m = 5 in (3.7), we have Corollary 3.4 Let p > 5 be a prime . Then
Corollary 3.5 Let p > 3 be a prime and 0 < m < p − 1 be an odd integer. Then
Proof. In view of (3.5), we have
since m is an odd integer.
Remark 3 Taking m = 1 and m = 3, we also can get the first and third congruences of [8,
Corollary 3.6 Let p > 3 be a prime and 0 < m < p − 1 be an odd integer. Then
Proof. Taking m → p − 1 − m in Corollary 3.5, we have
by Fermat's little theorem, we obtain
as desired.
Taking m = 4 in (3.4), we obtain Corollary 3.7 Let p > 5 be a prime. Then Proof. In view of (3.4), we have
Combining (2.7) and the above, we can obtain
we are done.
Taking m = 2 in (3.12), we have Corollary 3.9 Let p > 5 be a prime . Then
(cf. [8, (1.5) ].) Thus, we obtain (3.13) from (3.12).
Taking m = 4 in (3.12), we have Corollary 3.10 Let p > 7 be a prime . Then
With the help of Fermat's little theorem and (3.1), we get
Combining (3.12) and the above, we finally obtain
The proof of Corollary 3.10 is completed.
Further results
It is not difficult to find the following recurrence relation to
which can be deduced by
Using the Theorem 3.1, Theorem 3.2 and (4.1), we can calculate the congruences
for m = 0, 1, 2, · · · p − 2. As the examples, we show the cases of m = 0, 1, 2, 3.
Proof of (4.4). Taking m = 2 in (4.1), we obtain kH k − p + 1 (mod p 2 ).
In view of (3.1), we can obtain 
